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Abstract

Decentralized Finance (DeFi) has revolutionized financial market by enabling automated
token exchanges without a central authority as an intermediary. Pivotal to many DeFi
platforms are Automated Market Makers (AMMs). There are a number of AMMs implemen-
tations, many of which use the constant product swap rate. In the real world, AMMs impose
a trading fee that affects liquidity providers’ incentives and users’ arbitrage strategies.
In this work, we extend some foundational models, introducing a trading fee ¢ into the
swap rate formula, which reduces to the foundational model when ¢ = 1. We analyze
the new model from an economic point of view, proving that the fee-adjusted constant
product swap rate keeps some of the key properties that it had in the foundational model
(output-boundness, monotonicity), and we also prove that it does not satisfy some of the
old ones, mainly additivity, which is instead generalized to explain the behavior of the
function in the presence of a trading fee. In particular, we show that swapping larger
amounts of tokens yields strictly greater profit than splitting trades when ¢ < 1. Finally, we
analyze and provide a solution to the arbitrage problem, deriving the optimal swap amount
and the amount that aligns the price induced by the AMM to the actual market price given
by an external oracle, revealing that they both diverge from the no-fee model.
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Chapter 1

Introduction

Decentralized Finance (DeFi) has transformed the financial landscape by enabling peer-
to-peer transactions without a central intermediary. One of the core mechanisms of many
DeFi applications is the Automated Market Makers (AMMs), which enable token swaps
through algorithmic pricing mechanisms. Among the various kinds of AMMs, the Constant
Product Market Makers (CPMMs) are the most used ones, with implementations such as
Uniswap v2/v3 [1] [2], Sushiswap [3], et cetera. To better understand the importance of
these implementations, as of May 2025, Uniswap stands out with an approximate Total
Value Locked (TVL) of $5 billion [4].

While AMMs have been extensively studied, the role of trading fees - which is critical in
the real-world implementations of AMMs - has often gone under-looked in formal analyses
of AMMSs models. Trading fees play a crucial role on incentivizing liquidity provision, but
also on influencing user strategies and the overall market dynamics. A formal approach
and understanding of how fees impact AMM behavior is essential for both theoretical and
practical applications.

This thesis aims to extend the already existing models [5] and formalization [5] addressing
this gap by providing a formal analysis of AMMs incorporating trading fees. With the use
of Lean 4 [6] we extend the existing formalization of AMMs to include the fee mechanisms
for token swaps. This work builds on foundational formalizations, enriching them to model
economic properties introduced — or altered — by trading fees.

In the following sections of this work, we present numerous definitions and lemmas, each
accompanied by their respective implementations in Lean 4. To help the reader navigate
between the theoretical content of this work and the practical implementation, we use
integrated interactive buttons [7] adjacent to each definition and lemma. Clicking these
buttons redirects the reader to the corresponding entries in the project’s documentation,
providing access to the formal Lean 4 implementation. Under each lemma, there is also
a pen-and-paper proof outline that outlines the proof strategy used in Lean to prove the
respective lemma. For a full overview of the documentation, the docs index can be accessed
by clicking the button on the left or at https://mamboleano.github.io/lean4-amm-fees/.

1.1 Related Work

The literature is fairly rich in works that study AMMs. In this section, we mainly focus on
the foundational works on which this thesis is based, and some others that analyze the fee
mechanisms in AMMs.
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The foundational work [8] presents an abstract operational model on which the implemen-
tation of this thesis is based. This model does not depend on any specific implementation,
but it simply identifies the conditions necessary to ensure desirable properties from AMMs,
like net worth preservation and arbitrage conditions. This is the theoretical framework
that describes the AMM design that this thesis works with. In addition to [8], this thesis
delves into the formal verification of AMMSs incorporating trading fees, while the model
in [8] does not take these fees into account, but proposes this as possible future work.
While it is true that all the structural properties presented in [8] still hold after introducing
the trading fee in the model (because they do not depend on it), some of the other key
properties don’t:

1. Additivity: Given two consecutive swap rates
a = SX4(z,r9,m1) and B = SXy(y,70 + x,71 — )

where ¢ and r; are the initial reserves of the AMM pair, according to the definition
given in [8], the swap rate SX 4 is additive if:

az + By

SX¢(IE+y,T’O7T’1): z+y

In other terms, swapping an amount of tokens z + y should be equal to swapping
first an amount = and subsequently an amount y. However, the fee-adjusted constant
product swap rate does not fit the definition of additivity from [8]. Instead, we give
our generalized definition that also takes into account the trading fee by multiplying
the previous formula with the factor (y(z,y, 0, 71):

ox + By

SXg(x+y,ro,71) = Tty

C(Zﬁ(xa Y,7o, Tl)

2. Reversibility: Given a swap rate a = SX 4(z,79,71) where 79 and 7 are the initial
reserves of the AMM pair, the work [8] says that SX, is reversible if:

1
SXy(ax,ry —ax,r9+2) = —
a

In other terms, if after performing a swap the trader swaps again all of the output
tokens that he just received, the AMM would go back to the original state.

The fee-adjusted constant product swap rate, however, is not reversible. The product
of the AMM’s reserves strictly increases after each swap, so there is no swap that can
bring the reserves back to the original state. Hence, the proof strategies in this work
do not make use of this definition.

3. Equilibrium vs Arbitrage: The equilibrium value is the value that a user A can swap
to bring the price induced by the AMM equal to the one induced by the external
oracle. In [8], this value coincides with the arbitrage solution, i.e. it is also the value
that maximizes A’s profit. This, however, is not the case in the fee-bearing model,
and we show that the equilibrium value is different from the optimal one.

Another foundational work is the Lean 4 implementation of such model provided in [5].
This work models the core functionalities of AMMs, including liquidity provision and
token swaps. It also provides machine-checked proofs of the relevant economic properties
presented, with the main result being the arbitrage solution, ensuring its mathematical rigor.
This thesis extends this work, adding an implementation for trading fees and providing the
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appropriate formal definitions in the Lean 4 theorem prover. Unlike [5], this thesis does not
take into account liquidity provision, which means that is solely focuses on token swaps, so
it could be interesting to analyze how their incentives change with the introduction of fees
in future work. Like in the former implementation, ours provides full machine-checked
proofs of all the results provided, with the main one being the arbitrage solution, which
differs from the one presented in [8] due to the fees mechanisms. While in the previous
work this solution coincided with the value that brought the internal swap rate of the AMM
to be aligned with the external prices of the AMM tokens, in our model it is not the case.

The work [9] considers two-assets Constant Functions Market Makers (CFMMs [10]), while
in our work we focus more on Constant Product Market Makers (CPMMs), a subset of those.
The model in [9] is also very different from ours: it is based on a previous work described in
[11], and the fees are modeled in the context of discrete Poisson block generation. Hence,
it also presents very different results from our work, focusing more on the impact of fees on
the arbitrageurs over time. Also, to the best of our knowledge, the results presented in [9]
are not backed up by any machine-checked formalization, but only present pen-and-paper
proofs.

There are also works that analyze different aspects of fees. For example, the work [12]
focuses more on the protocol fee. The protocol fee is a portion of the trading fee that is
diverted to the protocol, mainly used to create some revenue for the governance token
holders . The work [12] also analyzes the different incentives from both the liquidity
providers and the traders. The model which they use is also quite different from ours, as it
models features like sticky liquidity and trade volume.

In summary, our research advances this previous work by incorporating trading fees into
the theoretical model and into the implementation, bringing both closer to the real-world
scenario and contributing to the development of more secure and robust DeFi systems.

1.2 Contributions
We summarize our contributions as follows:

1. Formal Modeling: We develop a formal model of AMMs that integrates trading fees,
capturing their effect on swap outcomes and user’s incentives. We introduce this
trading fee in the constant product swap rate formula (Definition 2.4.1) and discuss
the similarities between this model and the implementation of the swap in Uniswap
v2.

2. Economic Analysis: We analyze core economic properties of AMMs incorporated
with fees, such as how they impact user’s gain on token swaps, arbitrage opportunities
and exchange rates. In addition to the properties from the foundational work [8],
we provide a more general definition of additivity (Definition 3.2.7), that takes into
account the trading fee, analyzing the consequences that implies on a user’s gain in
Theorem 3.2.8. We also study the relationship between the internal rate, the swap
rate and the external exchange rate in Lemmas 3.4.1 and 3.4.2, which is crucial to
understand and solve the arbitrage problem. Finally, we provide a concrete value
that brings the AMM to equilibrium in Theorem 3.5.1, analyzing the gain that a user
A would get by swapping this amount of tokens in Theorem 3.5.4, and we provide a
solution to the arbitrage problem, defining an optimal value in Theorem 3.5.5.

3. Lean 4 Formalization: The major contribution of this work. We provide a complete
formalization of all the new definitions, lemmas and theorems introduced in this
thesis as well as their formal proof, extending the library presented in [5]. This
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ensures mathematical rigor and serves as a formal verification on all the properties
presented.

Providing a formal verification on the role of trading fees in AMMs, this thesis contributes
to the ongoing efforts to improve the robustness and security of DeFi systems.

A Formal Approach to AMM Fee Mechanisms with Lean 4 4



Chapter 2

AMM model

In this chapter, we present the formal operational model of AMMs described in [8] with a
few simplifications. Since our focus is mainly on swap transactions, we set aside any model
details that don’t impact (or are not affected by) swap actions.

Compared to the original model, we introduce the trading fees in the swap rate func-
tion, which brings this model closer to the Uniswap v2 protocol [1]. The structure and
content of the following sections largely mirrors that of [8], with the exception of Sec-
tion 2.4,where we introduce the trading fee in the model and contrast it with Uniswap v2’s
actual implementation.

2.1 Tokens and Wallets

The model presented in [8] assumes a set T of atomic token types, which represent
native cryptocurrencies and application-specific tokens. For instance, T may include ETH,
the native cryptocurrency of Ethereum, and WBTC, i.e. Bitcoins wrapped with the ERC20
interface for Ethereum tokens.

The model also assumes a set T; of minted token type, which is an unordered pair of
distinct atomic token types: assuming that 7y and 7; are atomic token types and that
70 # 71, then {79, 7} is a valid minted token type which represents shares in the AMM
holding the reserves of 7y and 7. Also, since it is an unordered pair, {7, 7} and {7, 70}
represent the same minted token type. Since our work focuses mainly in swap transactions
and not so much on liquidity provision, the use of minted token types is this thesis is very
limited.

In this model, tokens are fungible, i.e. individual units of the same type are interchangeable.
This means that amounts of tokens of the same type can be split into smaller parts, and
two amounts of tokens of the same type can be joined. This is particularly useful for our
proofs later on in this work.

We write T for the universe of all token types, i.e. T = T, U Ty, and we use 7,7/, ... to
range over T. We write r : 7 to denote r units of a token of type 7, either atomic or minted.

The model also introduces a set of users A, ranged over by A, A’, B ... We model the wallet
of a user A as a term Afoa], where the finite partial map op € T — Rx( represents A’s
token balance. Note how the balance of any user is strictly non-negative, for both atomic
and minted token types.

A Formal Approach to AMM Fee Mechanisms with Lean 4 5



2.2 States

In [8], an AMM holding r( units of 7y and r; units of 7; is defined as an unordered pair
{ro : 70,71 : 71 }. We stress again that in order to be a valid AMM, we require 7, # 7, and
70,71 € R<g. Also, since it is an unordered pair, {rg : 70,71 : 71} and {ry : 71,70 : 70} define
the same AMM.

The interaction between users and AMMs is modelled as a labelled transition system
(LTS). Its labels represent blockchain transactions, while the states I',T’, A, ... are finite
non-empty compositions of wallets and AMMs. Formally, states are terms of the form:

Adloa] |-+ [ Anlon] [{re e ry e rid | [ e s 7 mg o 7}
and subject to the following conditions. For all i # j:
1. A; # A; (each user has a single wallet);

2. {7, 7} # {rj,7;} (distinct AMMs cannot hold exactly the same token types).

Note that these conditions allow AMMs to have a common token type 7, e.g. as in
{ry:m,r 7}, {r': 7,19 : 75}, thus enabling indirect trades between token pairs not di-
rectly provided by any AMM. We stipulate that the ordering of terms in a state is immaterial.
Hence, we consider two states I" and I to be equivalent when they contain the same terms
(regardless of their order). For a term () and a state ', we write Q € ' whenT' = Q | I,
for some I''. Compared to [8] we do not focus on initial or reachable states in this work,
since we only deal with swap transactions.

In some case, it is useful to refer to the total amount of tokens 7 in a state I'. This amount
is defined as Sp7 that denotes the supply of 7 in I'. This term is defined as the sum of the
reserves of 7 in all the wallets and the AMMs in I". More formally:

opnT if 7€ domon r;, ifr7=1
S T= Stroro o 3T = SrimT = SrT+ St
Alon] {0 otherwise {rosmo,rimi} {O otherwise " r r

Note that this is defined over induction of the structure of states. In the first case we are
considering the reserves of 7 is a user’s A wallet. If 7 is present in the domain of o5, then
the value is retrieved from the mapping (i.e. the number of tokens 7 held by A). Otherwise,
it means that A does not hold any reserve of 7, thus 0 is added to the total supply. In the
second case, we are considering the reserves of 7 in an AMM {rq : 79,71 : 71 }. If 7 = 70,
then we add ry to the total supply; if 7 = 71, then we add r; to the total supply, otherwise,
we add 0.

LetT' = A[2:70,3:7,3:{r0,71}] | B[3:70,6:7] | {5:70,6:71}.
Then we have that Spp =2+3+5=10, Sr1 =3+6 =9, Sr» = 6 and SF{To,Tl}:?)

2.3 Transactions

State transitions are triggered by transactions T, T’,. .., which can have the following form
(where 1) and 7| are atomic tokens):

A : swap(v, 79, 71)

With this transaction, A transfers v : 7) to an AMM {rg : 79,71 : 71}, receiving in return
some units of 7, which are removed from the AMM.

A Formal Approach to AMM Fee Mechanisms with Lean 4 6



In the rest of this work, we only deal with swap transactions. Any user A can swap v units
of 7y in her wallet for some units of 7; in an AMM {r( : 79,1 : 71} through the transaction
A :swap(v,79,71). Symmetrically, A can swap v of her units of 7; for units of 7 in the
AMM through a transaction A : swap(v, 71, 70). The swap rate SX 4(x,79,71) determines
the amount of output tokens 7, that a user receives upon an amount of x input tokens 7 in
an AMM {rg : 79,71 : 71 }. Below is the formal semantic rule for the swap transaction.

oty > X y=x-SXy(x,m0,71) <11

SWAP
A:swap(x,70,71) [ ]

Alo] | {ro:m,r1: 7} |T
Alo—z:mo+y:7]|{ro+x:m,r1—y:7}|T

To sum up, we say that a swap transaction A : swap(v, 71, 79) is enabled in a blockchain state
I if A has enough tokens in his wallet (i.e. opo7) > ), if the AMM {r¢ + x : 79,71 —y : 71}
exists in I' and if the reserves of such AMM would not get drained after the swap (i.e.
x-SX 4(x,r9,m1) < r1). Hence, given a transition T (x) = A : swap(x, 71, 79), assuming that

T(x) is enabled in I', or equivalently writing that T (z) is s.t. I' T, 1 means assuming

the three conditions stated above.

2.4 Constant product swap rate

We can see that the swap action requires a swap rate function SX 4. In Uniswap v2 [13] and
in many other mainstream AMM implementations [14, 3], the chosen swap rate function is
the constant product swap rate.

Definition 2.4.1 » Constant product swap rate

The constant product swap rate function is:

o

SX¢(JJ,7‘0,T’1) = To-}-(ﬁ%

where ¢ € (0, 1]

This function involves a trading fee ¢. When no fee is applied (i.e. when ¢ = 1), the
constant product swap rate is the same as the one presented in [8]. A fee that is strictly less
than 1 results in a reduced amount of output tokens received from the actors that perform
the swap. But how exactly does this work and why does it benefit liquidity providers? The
intuition is that when the transaction A : swap(v, 79, 71) is fired, the effective number of
tokens that are used to re-balance the AMM pool is not v, but ¢ - v instead. Now, this means
that A receives fewer tokens and some units of 7; token are "kept" by the AMM in order to
benefit the liquidity providers (LPs).

LetT' = A[30 : 70, 20 : 71] | {40 : 79,60 : 7 }. Now suppose that A wants
to swap 10 units of 7. Assume that we are instantiating SX 4 with the constant product
swap rate function defined in 2.4.1, with ¢ = 0.997. Then, A expects to receive:

0.997 * 60

e = 11.97
40+ 0.997 - 10

y =10

71 tokens. Hence, after firing T = A : swap(10,79,71) , i.e. T Ny , the resulting state is
I = A[20 : 79, 31.97 : 7] | {50 : 70,48.03 : 71 }. Now, to back up our previous claims we
also show the amount of 7; units A would expect if the AMM used the constant product

A Formal Approach to AMM Fee Mechanisms with Lean 4 7
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swap rate used in [8], i.e. when ¢ = 1. With this, A would expect:

160 60 1
40+1-10 40+ 10

y =10

The resulting state would be I = A[20 : 79, 32.00 : 7] | {50 : 79,48.00 : 71 }. As we can
see, in both the resulting states IV and IV the AMM has 50 units of 7y tokens. However,
in I, the AMM retains a small portion of the 7; tokens compared to I'”, which results in
a slightly worse outcome for the trader A and a better one for the LPs.

The name of the function is actually misleading: the product of the two reserves of the
AMM rg-rq is constant only when there is no fee involved (as in the model presented in [8]).
However, when the fee is introduced, the product does not remain constant, but it increases
after each swap. So, if an AMM {r¢ : 70,71 : 71} evolves into {r¢o + x : 70,71 — y : 71} upon
a swap, then the constant product swap rate ensures that:

(ro+z)(r1 —y) > ror (2.1)

Proof of (2.1). We develop the left side of the inequality first:

(ro +z)(r1 —y)

—(ro + ) <r1 _ _pen >

ro + ¢x

—r1(ro + ) (1 __¥ )

ro + ¢x
ro + ¢xr — Px
ro + T
70
TQ—I—gZ):E)
o+

=r1(ro + z)(

=ry(ro+ z)(

So the inequality becomes:

o+
ror > ror
01(r0+¢x)_ 0r1
<:)(T0+x)21

ro + ¢x
< rg+x>19+ ¢x

x> ox
== 12>9¢

And this is true by assumption. O

This condition is also specified in Uniswap v2’s implementation ! that can also be seen in
the Listing 4.5 at page 44.

Thttps://github.com/Uniswap/v2-core/blob/master/contracts/UniswapV2Pair.sol
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2.5 Prices and Exchange Rate

To model the prices of atomic tokens, the model from [8] introduces an external oracle that
assigns a price to each atomic token 7 € T(. In particular, this external oracle is modeled as
a function P : Ty — R~. With this, the model assumes that the prices of atomic tokens
stay constant during an execution. However, prices of minted tokens depend on the state
of the AMM. More precisely, it depends both on the supply of the minted token in the users’
wallets and on the reserves of the respective atomic tokens in the AMM. Formally, the price
of a minted token {7, 71} in a state I is defined as:

TO'PT()—I—Tl-PTl

Pr{m, 1} = St {70, 71}

if {ro: 70,711 :7} €T

For uniformity, we say that Pr~ = P when 7 € T(,. The idea behind the above equation is
that the value of one minted token must be equal to the value of the atomic tokens that
can be obtained by redeeming the minted token. Since in this work we don’t consider
any redeem transaction, we overlook this. However, all the considerations and structural
properties described in [8] still hold, as they do not depend on any particular assumption
about the swap rate function.

A key question at this point should be, how do we determine the exchange rate between
two atomic token types 7 an 7;? This exchange rate X (7, 7|) is dictated by the prices

given by the external oracle:
P 0

X(To, 7'1) =
This defines how many units of 7; tokens a user can buy with 1 unit of 7. This only
depends on the prices given by the external oracle, completely ignoring the state of the
AMM. However, AMMs also induce an exchange rate based on the current state of the
AMM’s reserves and the swap rate function that is being used. More precisely, the internal
exchange rate X (79, 71 ) between two atomic token types 7y and 7; in a state I is the limit
of the swap rate function SX, as x approaches 0:

Xr(m9,71) = ili)r(l) SX p(x,70,71) if{ro: 70,71 :1m} €T 2.3)

The intuition behind this equation is similar to the previous one: for a very small z, a user
swapping x units of 7 tokens would expect to receive z - X1 (79, 71) units of 7, tokens. We
will see later in this work that rational users try to align this internal exchange rate with
the one given by the external oracle.

Let I' = A[30: 70, 20: 7] | {40 : 70,60 : 71 }. Now suppose that the
prices of 7y and 7, are P(7y9) = 4 and P(7;) = 5. Hence, the exchange rate is:

X(fmmh) =

Assuming that we are using the constant product swap rate, and that ¢ = 0.997, the
internal exchange rate computed in the state I is:

Xt (70,71) :}:l_ff[l) SX4(x,7r0,71)

= lim S5X4(x, 40, 60)
z—0

A Formal Approach to AMM Fee Mechanisms with Lean 4 9



0.997 - 60

= hm R —
2—0 40 + 0.997 - z

~0.997- 60

40

=1.4955

In the next example, we show that a trader is incentivized to align these two exchange
rates.

2.6 Wealth measures

Since one of the primary goals of this paper is to provide a solution to the arbitrage problem,
we also have define how to measure a user’s wealth, in order to determine when it increases.
The model presented in [8] defines the net worth of a user A as the measure of A’s wealth
in tokens (both atomic and minted). Formally, the net worth of A in a state I" is defined as:

ZTEdOm on oaT - Pr (T) if A[UA] el

Wa() =
0 otherwise

(2.4

To determine when a user is incentivized to perform a swap, the model also defines the the
gain of user A upon performing a transactions T enabled in state I" (if T is not enabled in
I', then the gain is zero) as follows:

GA(D,T) = Wa(@')—Wa() ifr 51 (2.5)

Let I' = A[30: 79, 20 : 71] | {40: 7,60 : 71 }. Now suppose that the
prices of 7p and 7| are P(79) = 4 and P(7;) = 5. Hence, the net worth of A in the state
T is Wa(T') =30-4+20-5 = 220.

Now suppose that A performs the same swap as in Example 2.4.2,i.e. T = A : swap(10, 79, 71),

that SX 4 is the constant product swap rate and that ¢ = 0.997. Hence, the resulting
state is IV = A[20 : 70,31.97 : 1] | {50 : 70,48.03 : 71} (note that the reserves are slightly
approximated). At this point, the net worth of A is W (I'") = 20 -4 + 31.97 - 5 = 239.85.

Finally, we can see that computing the gain upon firing T gives us:

GA(D,T) = Wa(I") — Wa(T)
= 239.85 — 220
= 19.85

So we can see that the gain is positive. Also, computing the exchange rate X (7, 71) = 0.8
and both the internal exchange rates Xr (7, 7) = 1.4955 and Xt (79, 71) ~ 0.958 we
can also see that the internal exchange rate got "closer" to the exchange rate. This is
one of the intuitions to solve the arbitrage problem and to understand when the trader’s
gain is positive.
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Chapter 3

Economic properties of AMMs with
trading fees

In this chapter we study the economic properties of Automated Market Makers (AMMs)
that apply a trading fee on swap transactions. Our goal is to analyze how trading fees play
a role on the incentives of users and the behavior and properties of swap functions, with
keen focus on the constant product swap rate function ( 2.4.1).

All the results of this paper are formalized in Lean 4 and are based on an extension of the
model introduced by Bartoletti et al. in [8], and the formalization in Lean 4 introduced by
Pusceddu et al. in [5].

To help the reader understand better the importance of each lemma and result, we introduce
the economic intuition behind the results, their formal statement, and - when appropriate -
an illustrative example.

3.1 Gain of swap actions

One of the key properties of our AMMs model is the user’s gain. As we previously stated,
we only focus on the swap transactions; hence, it is only natural to measure the user’s gain
after a swap and to ask ourselves when this gain is positive. In the following lemma, we
define the user’s gain in terms of a valid swap transaction.

Lemma 3.1.1 » Swap gain

LetT' = Afoa] | {ro: 70,7 : 71} | A,and let T = A : swap(z, 70, 71) be enabled in T".
Then:

GAL,T) = - (SXo(o,r0,m) P(r) - P(w) - (1 = P

Proof. Proof is the same as in [8]. O

This result is not different from the one formalized in [8], simply because it does not
depend on any particular swap function SX 4. It also captures how the gain depends on the
number of minted tokens held by the user o {7, 71} and the total supply of such minted
token Sr{7y, 7 }. Note that, since the [swar] rule does not alter these two amounts, the

term (1 — %) remains the same even after performing a swap. We use this later in
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our proof outlines. Since we mostly focus on users that are just swapping tokens (and are
not Liquidity Providers), it's worth analyzing the case where A does not hold any minted
token.

| VN Lemma 3.1.2 » Swap gain no mint

LetI' = Afoa] | {ro: 70,71 : 71} | A be such that op{79, 71} =0, and let T = A :
swap(z, 79, 71) be enabled in I'. Then:

Ga(D,T)= z-(SX4(z,r0,71) P(11) — P(70))

Proof. Proof is the same as in [8]. O

Let I' = A[30: 79, 20 : 71] | {40: 70,60 : 71 }. Now suppose that the
prices of 7y and 7, are P(m) = 4 and P(7;) = 5. These are the same values from
Example 2.6.1.

Now let T = A : swap(10, 79, 71) and suppose that SX, is the constant product swap
rate and that ¢ = 0.997. From the computations made in the same example, we know
that

Ga(T',T) =19.85 (3.1)

Let’s see now if the formula from Lemma 3.1.2 yields the same result. For now, let’s
suppose that T is enabled in I' and we instantiate SX , with the constant product swap
rate. We later show that since A has enough tokens and the AMM for the pair {7y, 71}
already exists in I, then it only suffices SX, to be output-bounded in order to ensure
that the AMM is not drained after performing the swap. We later prove that the constant
product swap rate is output bounded in Lemma 3.3.1. With these assumptions, we can
compute the gain based on Lemma 3.1.2:

Ga(D,T) = z- (SX4(z,r0,m1)P(11) — P(70))

0. (0 5
— 10 (7”0+¢9U 5 4>

0.997 - 60
= 10— 2 54
0 (40+0.997-10 > >

= 10-(1.197-5 — 4)
= 19.85

With this result, we can finally answer one of the key questions we have posed ourselves:
when the user’s gain is positive upon a valid swap transaction. The following lemma defines
this in a more general way, stating that the gain is strictly positive iff the swap rate is
strictly greater than the external exchange rate.
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Lemma 3.1.4 » Swap rate vs. exchange rate

LetI' = A[O’A] | {T‘() 1T0,T1 ¢ 7'1} | A be such that SF{TO,Tl} > (0 and O'A{To,Tl} <
Sr{mo, 71}, and let T = A : swap(z, 79, 71) be enabled in I". Then:

GA(T,T) o0 <= SX4(x,70,71) 0 X(70,71) foroe {<,=,>}

Proof. Lety =z - SX 4(z,70,71) and let n = 1 — % From the assumptions, note
that » > 0. By Lemma 3.1.1 we have that:

GA(T,T)o0 <:>77(yP(71)—xP( 0)) o0

<y P(n) -2 P(10)00
(T)
<:>m P(T?)
<:>SX¢(:L',7"0,T1)OX(7'0,7'1) O

This lemma is the first step towards finding the arbitrage solution, since it defines when it
is convenient for a user to perform a swap transaction, comparing the swap rate with the
external prices of the swapped tokens 7y and 7.

Let ' = A[30: 70, 20: 7] | {60 : 70,40 : 71 }. Now suppose that the
prices of 7y and 7| are P(7) = 4 and P(7;) = 5. Note that these are the same values as
the previous examples with the only exception of the AMM’s reserves that are inverted.
Suppose that SX , is the constant product swap rate and that ¢ = 0.997. Then,

0.997 - 40
X, (1 Y
§X4(10,70,m1) = G097 10 — 07
4
X(T()le):g

In the previous example we had SX4(10,r9,7) = 1.197 > X(70,71) and firing the
transaction T = A : swap(10, 79, 71) led to a positive gain.

Taking the values of the current example we have that SX4(10,79,71) = 0.57 <
X (70, 71), hence we expect a negative gain. By using the formula from Lemma 3.1.2 we
can easily see that:

GA(D,T) = x-(SX4(10,79,71)P(11) — P(70))

:10-( o -5-4)
ro + ¢x
:10.< 0.997 - 40 _5_4>

60 + 0.997 - 10
= 10- (0.57-5—4)
= —11.50
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3.2 General properties of the swap function

In the previous section, we defined properties regarding the gain of a user from a swap
transaction. In this section we define some key properties regarding swap functions and
what they imply on the AMMs.

Output boundedness guarantees that an AMM has always enough output tokens 7; to send
to the user who performs a swap(x, 79, 71).

Definition 3.2.1 » Output-boundedness

A swap rate function SX 4 is output-bounded when, for all z, ¢, r; such that x > 0
and rg, 1 > 0:
x-SXy(x,1m0,7m1) <711

In other terms, this ensures that for any SX 4 that satisfies this definition, the reserves of
an already existing AMM will never be drained.

Monotonicity relates the parameters of the swap rate function with its output. In particular,
the output decreases if we decrease the amount of swapped tokens z, if we decrease the
reserves of 7 or if we increase the reserves of 7.

Definition 3.2.2 » Strict monotonicity

A swap rate function SX is strictly monotonic when, for i € {0,1,2} and <; € {<
, <}
' <oz, rh <170, T1 <2 T] = SX ¢(x,r0,7m1) <3 SX¢(JU/,T6,T/1)
where:
. < if<; =<forie {0,1,2}
3= .
< otherwise

\.

This means that, for example, given a fixed input amount x and a fixed reserve of 7, r¢, a
lower amount of reserves of 71 r; results in a higher swap rate output. This is crucial in
proving some of the lemmas presented further in the paper.

The next crucial definition we want to introduce is the one of additivity, i.e. what is the
output of two combined swaps. However, before doing so, we have to introduce a few
auxiliary terms, since our definition of additivity slightly differs from the one introduced
in [8]. The definition below, for example, denotes the factor from which our definition of
additivity differs from the original one.

Definition 3.2.3 » (,

We define the function

((¢ria) (o + 62 + 6y) + (¢r7oy)) - (o + + By)

(ro + 6z + 8y) - ((#r12)(ro + 7 + By) + (dr1701))

C¢(l‘, Y,To, Tl) =

where z,y, 79,71 € R >0

\.

Since this factor can be a bit too complex to work with, especially in some proofs, we
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1;
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I
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Figure 3.1: (4(z,y,70,71) plot

introduce an equivalent factor in the lemma below, which is slightly easier to work with in
some cases.

Lemma 3.2.4 » (, reduced form

Vx,y,r9,71 € R >0,

(x +y)(ro + ¢z)(r0 + = + ¢y)
0 + ¢x + dy)(x? + rox + Y + 1Y)

C(ﬁ(:l"a Y,To, 7“1) = (

Proof.

((éri)(ro + 62+ éy) + (9r1moy) ) - (0 + 2 + éy)
(ro + ¢x + dy) - ((Wlfﬂ)(ro +z+ ¢y) + (¢T1Toy)>
(gbrorlm + ¢2rya? + ¢Prixy + ¢r0r1y) (ro+ 7 + oY)
(ro + ¢z + ¢y) - ((brorlaf + ¢riz? + ¢Prizy + qbrorly)
(qbrlx(ro + éx) + driy(ro + ¢x)) (ro+ = + dy)

(ro + ¢z + ¢y) - (cbrl (rox + 22 + ¢y + roy)>

~ora(wlro+ 6m) + y(ro +92) ) - (ro + 3 + gp)

¢ri(ro + ¢z + dy)(rox + 22 + dry + roy)
(z +y)(ro + ¢x)(ro + x + dy)
(1o + ¢z + dy) (22 + rox + dxy + roy)

C(b(x? Y,T0, ?"1) =

O]

It is also worth noting how this form is evidently less complex, as it does not depend at all
on r1. Next, it can be interesting to understand which values this term can assume, if it is
always positive, negative or so on.

The Figure Figure 3.1 shows the plot of (4 (x,y, ro, 1) in the y-axis and
¢ on the x-axis, with = 10, y = 3, 7o = 40 and r; = 60. While it is hard understand
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from this plot that the following result does not depend on z, y, ry or r1, we can see that
in this case (y4(x,y,70,71) is strictly greater than 1 when fee < 1. This result is better
formalized in the lemma below.

Lemma 3.2.6 » (;, > 1

Va,y,r0,m1 €ER >0, ¢ <1 = (p(x,y,7r0,71) > 1

Proof. Assume that ¢ < 1, then:

Colm,y,ro,m1) > 1

= (y(x,y,m0,71) —1 >0
(x +y)(ro + ¢z)(ro + = + ¢y)

(ro + ¢z + ¢y) (2% + rox + dTY + T0Y)
= (x +y)(ro + ¢x)(ro + = + dy)

— (ro + ¢z + dy)(x? + rox + dzy + oY) > 0 Denum > 0
= rozy + x(ro + ¢x)(ro + = + dy) + roy(ro + ¢y) + ¢ry(ro + = + dy)

— ¢roxy — ¢x(x® + rox + dpxy) — (ro + oy)(z* + rox + Py + T0Y)

>0
= rozy(l — ¢) + (ro + ¢2)(2® + rox + day) + dy(a® + rox + pay)

+ roy(ro + ¢y) — dx(x® + rox + dxy) — roy(ro + dy)

— (ro + ¢y) (2 + rox + day) > 0
= rozy(1 — @) + (ro + ¢2)(2* + rox + ¢zy) + dy(2® + rox + ¢zy)

— (x4 rox + dry) — (ro + dy)(x* 4 rox + dry) >0
= rozy(1 — @) + (2 + rox + ¢xy)(ro + ¢ + Py — dx — 1o — dy) > 0
— roxy(l —¢) >0
—(1—-¢)>0
= o<1

~1>0 By 3.2.4

O

It is also immediate to see that ¢ = 1 iff (4(x,y,r0,71) = 1. We omit the proof as it
would have the exact same steps. This is of particular interest given our own definition of
additivity, which slightly differs from the one presented in [8]:

Definition 3.2.7 » Additivity

If a swap rate function SX 4 is output-bounded then it is also additive when:

ax + By

SX¢(.’L’+y’T0,T’1): z+y

: C(;S(:vaa 7"0’7“1)

where
a=8Xy(z,r0,71), B=5Xg(y,r0+z,7r1 — )

\.

Note how the term (4(x, y, 70, 71) multiplies the fraction, and we know that (4(x,y,70,71) =
1 iff ¢ = 1. Hence, we find that this definition of additivity falls back to the one defined in
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[8] in the specific case where ¢ = 1. This is also something expected, as the same happens
with the constant product swap rate (Def. 2.4.1). Since we know from Lemma 3.2.6 that
this factor is always greater than one when ¢ < 1, this means that in a model that uses fees
and with a swap rate function that satisfies this definition, a user is more likely to swap
larger sums of tokens rather than splitting this amount into two. We give an empirical
example of this claim later when we prove properties about the constant product swap
rate.

The following theorem shows how additivity and gain are related to each other. In particular,
the gain of two consecutive swap actions is the sum of their individual gains plus a term .

| VN Theorem 3.2.8 » Additivity of swap gain

LetI' = A[O’A] | {T‘() 1T0,T1 ¢ 7’1} | A be such that Sp{To,Tl} > 0 and O'A{T(),Tl} <
Sr{7m0,1}. Let T(z) = A : swap(z, 70, 71) and let I” and I'” be such that, I" RISONS

and 17 L&, 17,
If SX 4 is output-bounded and additive, and ¢ < 1 then:

GA(F,T(:EO + $1)) = GA(F,T(:L'())) aF GA(F/,T(l'l)) + €
where:

g4 = P(11)(Cp(x0,21,70,71) — 1) (00 + S1)n
a = SX4(z0,70,71)

B = SXg(x1,r0 + 0,71 — )

oa{mo, 71}

_1_2A170, 715
Sr{m, 71}

Proof. By Definition 3.2.7 we have that

ary + axq

. o, 1,70, 7T
P Cp(o, 21,70,71)

v =8X4(xo+x1,70,71) =
For abbreviation, let

Z = (4(x0,21,70,71)

_oa{m0, 71}
= Sr{ro, 71}
Hence,
GA(FvT(xO + xl)) - GA (F7T(x0))

=n(y(xo+ z1)P (1) — (xo + x1)P(10) — axoP(71) + 2o P(70))
=1 ((v(zo + z1) — axo) P(11) — 21P(70))
=n((2Zaxg+ Zpx1 — awg)P(11) — 21 P(10))
=n(2axgP(11) + ZPx1P(11) — axoP(11) — 21 P(70))
=n(ZaxoP(m) + ZBx1P(11) — axgP(11) — 21 P(70)

(
+ Bx1 P(11) — Br1P(11))
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=n((Bz1P(11) — x1P(10)) + (ZaxoP(71) + ZBx1 P(11)

— axoP(11) — fx1P(1)))
= GA(I", T(x1)) + P(11)(Z — 1)(axo + Bx1)n (by Def. 3.1.1)
= Ga(I", T(21)) + €4 (by Def. of €,)

O]

Notice how in €4, the term ((y(z0, z1,70,71) — 1) multiplies all the other terms. As stated
before, we know that (4(xo, z1,70,71) =1 <= ¢ = 1. Hence, if ¢ = 1 this result falls back
to the one presented in [8], where GA (T, T(zo +x1)) = Ga(T, T(x0)) + Ga (I, T(21)),
since g4 = 0.

From the definition of ¢, it is also worth noting that this term is always positive under the
lemma’s assumptions, since all the terms are strictly positive and (y (o, 21,70,71) > 1 from
Lemma 3.2.6.

3.3 Properties of the costant-product swap function

In this section we study in depth the constant product swap rate (Def 2.4.1). As previously
stated, this is the swap rate function that is mostly used in real-world AMMs implementa-
tions (such as Uniswap v2 [13]), hence it is of particular interest analyzing the properties
satisfied by this function.

First of all, it is output-bounded, so AMMs that implement this function are guaranteed to
have non-negative reserves upon any valid swap transaction.

Lemma 3.3.1 » Constant product output-boundedness

The constant product swap rate function (Def. 2.4.1) is output bounded (Def. 3.2.1)

Proof.

x-SXg(x,m0,m1) <711
or

ro + ¢x

> x¢ry < r+ (ro+ ¢x)
< ¢xry < ror1 + ¢xry

<~ -

<M

= ror; > 0
<— True

O
Then, the constant product swap rate function is also strictly monotonic. This also ensures

that the internal rate is strictly monotonic, which is another key result later needed for the
arbitrage proofs.
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Lemma 3.3.2 » Constant product strict-monotonicity

The constant product swap rate function (Def. 2.4.1) is strictly monotonic (Def. 3.2.2)

Proof. There are two possible cases either 2/ < x V r(, < 19 V 1 < r} or not. in both
cases, it is always true that «/ <z A7, <rgAry <7}

1. =(/ <zVvry<roVvr <rp):
In this case we want to prove:

SXg(x,1m0,m1) < SX¢(.CCI,T6,T,1)
ory - oy
ro+ ¢z ~ 1)+ P’
= ¢ri(ry + ¢2') < ¢ri(ro + o)

This is true iff
¢r1 < ¢r] <= r <r] Byassm.
and

ro + ¢’ <ro+ gz
= ((r6 <ro) A (¢z' < (bx)) By assm.

— a2 <z By assm.

2. <zVri<roVr <ry:
In this case we have three different cases:

(a) Case 2/ < z:

SX p(z,7m0,m1) < SX (', 70, 77)
¢ - orl
ro+ ¢xr )+ P’
= ¢ri(rg + oz') < ¢r'(ro + bu)

Since we know that ¢r; < ¢r] and r(, + ¢z’ < ro + ¢x by assumptions, then
the proof is finished.

(b) Case r{, < ro:

SX4(x,m0,71) < SX¢($’,T6,T"1)
ory - ory
ro+¢x 1)+ P’
= ¢ri(ry + ¢2') < éri(ro + ¢x)

Since we know that ¢r; < ¢r} and r(, + ¢z’ < ro + ¢x by assumptions, then
the proof is finished.
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(c) Casery < ri:

SX gy (,70,71) < SX o (2, 7, 7))
ori - ¢ry
ro+ ¢xr )+ ¢’
= or1(rg + oa') < ori(ro + o)

Since we know that ¢ry < ¢r] and r(, + ¢z’ < ry + ¢x by assumptions, then
the proof is finished.

O

Finally, we can also prove that the function is additive, based on the definition given above.

Lemma 3.3.3 » Constant product additivity

The constant product swap rate function (Def. 2.4.1) is additive (Def. 3.2.7)

Proof. Let
or
& ¢($,7'(),7’1> To +¢$
(ro+oz)—¢

o(ri—az) ¢ (7"1 - rf$$r> ¢<T1 rotes m)
B=58Xy(y,ro+mz,r1 —azx)= = =

To + T + ¢y To + = + ¢y To + & + ¢y

_ (riro + ¢rix — ¢rix) oriro

C(rot¢x)(ro+x+¢y)  (ro+ o) (ro+ x + dy)

Then,

ax + By L 1 ( orix oriroy ) '
Tty z+y\ro+ oz (ro+éz)(ro +z + ¢y)

1 ¢TQT1$ + ¢7”1$2 + ¢2r1xy + ¢7’0r1y

+vy ( ) F

1

T (ro + ¢z)(ro + = + dy)
(pr1z)(ro + = + dy) + (¢riroy)

- x+y( (ro + oz)(ro + 2 + ¢y) )
((éria)(ro + 6w+ 6y) + (ériroy)) - (o + + o)

(ro + 9w+ 9y) - ((¢r12) (0 + 2 + 6y) + (¥r17oy))

1 (¢rx)(ro + oz + ¢y) + (ériroy)

S xty (o4 ox)(ro+ dx + dy)
1 ¢rorix + ¢Pria + $Primy + driroy
S z+y (ro + o) (ro + oz + Py)
1 gri(roxz + ¢pa® + gay + roy)
x4y (ro+¢x)(ro+ ¢z + ¢y)

1 or1(ro + ¢x)(x + y)

x4y (ro+ ¢x)(ro + ¢z + ¢y)
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ro + ¢(z +y)
= SX(b(‘T + Y,7o, Tl)

O

At first sight, the reader might think that the gain given by z tokens on an AMM that
uses the constant product swap rate function is the same as the sum of the gains of two
consecutive swaps, where the sum of the swapped tokens is equal to x. However, we just
proved that the constant product satisfies the definition of additivity given in Def. 3.2.7. So,
if the trading fee ¢ is less than one, and the user performing the swap has no minted token,
then it also means that the function satisfies all the assumptions of Theorem 3.2.8.

Let I" = A[300 : 79,200 : 7] | {400 : 70,600 : 71 }. Now suppose that the
prices of 7y and 7| are P(ry) = 4 and P(m;) = 5. Let Tog = A : swap(100, 79, 71) and
suppose that SX, is the constant product swap rate and that ¢ = 0.997. If A were to fire

the transaction Ty, i.e. T’ To, I, A would get a total of y = 100 * SX (100, 400, 600) =
119.712 7 tokens, and the resulting state would be

I = A[200 : 70,319.712 : 7] | {500 : 75,480.288 : 71}

Now, suppose that A instead of firing T directly decides to split this transaction into two
transactions, T; = A : swap(40, 7, 71) and To = A : swap(60, 70, 71). The user A decides

. . T T
to fire T first, so ' —» I'y — I's where

I'y = A[260 : 70,254.397 : 1] | {460 : 79, 545.603 : 71 }

and

'y = A[200 : 79, 319.696 : 7] | {500 : 79,480.304 : 71}

Clearly, we can see that the split did not benefit A, as he received a tiny bit less tokens
that what he would have received by firing the transaction T directly instead of splitting
itin T; and T,. Consequently, the gain of A will also be less by splitting T in two
transactions, backing up what we already stated in Theorem 3.2.8

3.4 Internal Rate Properties

In this section we present some lemmas that describe the relationships between the internal
exchange rate X (7, 7), the exchange rate X (79, 7,) and the swap rate SX4(x,ro,r1)
particularly for the constant product swap rate. This is of keen interest since it allows us to
reason over the gain of the user, combining these results with Lemma 3.1.4 and helping us
reason on the conditions that incentivize a user to perform a swap.

First, we analyze the relationship between the swap rate and the internal rate.
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L VN Lemma 3.4.1 » Swap rate vs Internal rate

A:swap(z,70,71)

LetT' = Aloa] | {ro:70,71: 71} | Aand T’
constant product swap rate and ¢ < 1:

I''. Then, if SX, is the

XF/(T(),Tl) < SX¢($,7‘077‘1) < XF(T(),Tl) (32)

Proof. We split the proof in two parts:
* SX¢(wo,m0,m1) < Xr(70,71):
Xr(70,71) = lim SX 4 (z,70,71) (by Def. of X)
z—

> SX ¢ (x0,70,71) Strict. Mono.

° Xp/(To,Tl) < SX¢($0,7“0,7"1)2
Let a = SX 4 (xo,70,71).

Before continuing the proof, lets first prove that

o(r1 — axp) - ¢r1

3.3
To + 0 To + 9T (3:3)
Proof.
o(r1 — axp) ory
<
ro + Zo ro + ¢xo
<= ¢(r1 — axo)(ro + $x0) < ¢r1(ro + To)
<= ¢ri(ro + ¢x0) — paxo(ro + ¢pro) — ¢ri(ro + dx0) <0
< or1(pxo — x0) — Ppaxo(ro+ ¢xg) <0
< orizo(p — 1) — paxg(ro + ¢dzp) <0
Since we know that ¢axg(rg + ¢xg) > 0 because all the terms are strictly
positive, and ¢rizo(¢p — 1) <0 <= ¢ < 1, then we finish the proof. O

Now we can continue the proof:

Xr/(10,71) = lin% SX (2,70 + 0,71 — Q) (by Def. of X)
zZ—>
_ o(r1 — awxo)
o + o
ory
by Eq 3.3
0 + To

= SX 4(x0,70,71)
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So we can see how the swap rate sits right between the internal rates computed in the
AMM state before and after performing the swap transaction. It is also worth noting how
this lemma is valid also when ¢ = 1, which means that it would be valid also in the model
presented in [8].

Finally, we also want to analyze how the internal and external swap rate relate to each other.
In particular, we consider a valid swap transaction and suppose that after this transaction,
the external swap rate and the internal one are equal. This is a key assumption that we use
thoroughly when reasoning about the arbitrage later on.

L IVIN Lemma 3.4.2 » Split Internal rate vs External rate

LetT = Afoa] | {ro: 70,71 : 71} | A and T(z) = A : swap(z, 79, 71)-
Let 2y € R~ be such that:

XF/(To,Tl) ZX(To,Tl) where I’ MP/ (34)

Let z1, z2 € Ry be such that g = x1 + x2. Then, if SX, is the constant product
swap rate ( 2.4.1) and ¢ < 1:

T(21) T(z2)

Iy Iy (3.5)

X (70, 71) < X1,(70,71) where I'

Proof. Consider

y1 = SXg4(x1,70,71) - 21
_9nm
ro + ¢x1
y2 = SX (2,70 + 21,71 — Y1) - T2
_ ProriTy
a (To + ¢$1)(7’0 +x1 + ¢x2)
yz = SX 4 (2l + z2, 70 + 21 + 22,71 — (Y1 +y2)) - (1 + 22)
= 5X 4 (0,70 + 0,71 — (Y1 +y2)) - 2o
_ ori(x1 + x2)
ro + ¢x1 + P2

Then,
XF2 (7’0, 7'1) = ll_r}r(l) SX¢(Z, ro + To,T1 — (y1 =+ yg)) (By Def.)
> lir% SX (2,70 + 20,71 — Y3) (By strict mono. proof below)
Z—r
:XF/(T(),Tl) :X(T(),Tl) (By. Def. and Hyp)
We know that z < z and ro+xg < 79+, hence we only have to prove that r —(y1+y2) >
1 — Y3l

r1— (y1 +y2) >r1—y3
= y1+y2—y3 <0
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¢rixy ProriT) _ori(z + 29) <0
o+ ¢x1 (1o + ¢x1)(ro + x1 + Px2) 1O + PT1 + P2
¢ri71(ro + 71 + ¢32)(r0 + P71 + PT2) + Pror1T2(T0 + P71 + PT2)
(ro + ¢x1)(ro + 1 + Ppx2) (10 + P21 + P22)
¢rizi(ro + ¢x1)(ro + 1 + ¢x2) + drixa(ro + ¢z1)(ro + 21 + P2)
- (ro + ¢x1)(ro + 1 + dx2)(r0 + dx1 + PX2)
> oriz1(ro + z1 + ¢x2)(ro + ¢z + dx2) + Proriza(ro + ¢z + dx2)
—¢riz1(ro + ¢x1)(ro + z1 + ¢a2) — drize(ro + ¢a1)(ro + 1 + ¢a2) <0
< ¢rizi(ro + z1 + ¢x2)((ro + ¢x1 + dx2) — (1o + Px1)) + Proriza(ro + Px2)
+¢Proriziwy — grorizizs — droriza(ro + ¢ag) — ¢*riziwe(ro + 1 + ¢az) < 0
= ¢2r1m1x2(7‘0 + 1 + ¢xa) + droriza(ry + pxe) + P*rorizize — ProriTiTs
—gror1aa(ro + ¢x2) — P> rizima(ro + 21 + da2) < 0
<— ngrorlxlxg — ¢rorixizy <0
< groriziza(p—1) <0
— p—1<0
— p<1

<0

So in other terms, if we split the x that brings the internal swap rate equal to the external
one, and perform the two swaps, then the internal rate will be strictly greater than the
external one. This is a result that we expected, since we already proved in Lemma 3.3.3
that splitting a swap transaction in two different swaps brings the AMM into a different

state as well.
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3.5 Arbitrage

In this section we want to present the final results of this paper. In particular, our main
goal is to find the optimal amount of tokens that a user can swap given a certain state of
the AMM that maximizes his gain. A first attempt at doing this could be mimicking the
result found in [8] , i.e. the optimal value is the one that brings the internal rate equal to
the external one. We often refer to this as the AMM reaching the “Equilibrium”.

The first challenge that arises is finding this particular value, which we specify in the
Theorem below.

LIVIN Theorem 3.5.1 » Equilibrium value

LetI' = Afoa] | {ro: 70,71 : 71}, and let:

vy = VPO +6) + yro/PLInCIF P+ PS5 o
2/ P(70)¢

If SX, is the constant product swap rate, T (z9) = A : swap(zo, 70, 71) is enabled in
I' and ¢ < 1 then:

X(r0,71) = Xpo(70,71)  where I' 0% v

Proof. Before starting the proof, we rewrite some terms:

—v/P(10)ro(1+ ¢) + /To/P(0)ro(—1 + ¢)2 + 4P(71)r1¢? N

oo = 2\/P(r0)o 0
= /P(ro)ro(1+ ) + /Tor/P(ro)ro(—1 + ¢)% + 4P(11)r1¢% + 24/ P(70) ¢ro
- 2/P(70)¢
=/ P(10)ro(1 = ¢) + /ror/P(10)ro(—1 4 ¢)? + 4P(11)r1¢?
B 2/P(70)¢
_ VP@)ro(é —1) + o/ P(ro)ro(=1 + ¢)* + 4P(71)r1¢” 3.7)
2\/P(10)¢
b0+ ro = 6. —V P+ ) + oy P(o)ro(=1+ 9)* + 4P(r)rié? |
2¢/P(70)¢
_ —VPo)ro(1+¢) + V7o P(10)ro(=1 4 ¢)2 + 4P(11)r1¢? 4 24/ P(70)rg
2/ P(19)
_ =VP(@)ro(é = 1) + o/ P(ro)ro(=1 + ¢) + 4P(11)r1¢” (3.8)
2/ P(10)
And let

m = oV P(r0)ro(—1 + ¢)2 +4P(r1)r1¢?
!

a = SXy(xo,70,71) = To + b0
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Figure 3.2: Ga(T', T(x0)) Figure 3.3: Gao(T', T(x0)) zoomed

Then,

X (70, 71) = lim SX ¢ (2,70 + 20, 71 — azo) (By Def.)

_ 2o rof-rq%wo)
ro + Xo

ToT1+¢riTo—9rizo
¢( ro+ézo )

To + Zo
_ Prory
(1o + o) (r0 + ¢0)
¢rore
- By Subst.
(mrﬂ(¢_1)+m)(—mro(¢—l)+m) (By Subst.)
24/P(0)$ 2v/P(r0)

Pror

(v P(ro)ro(¢—1)+m)(—+/P(70)ro(¢—1)+m)

1P(r0)$
_ ¢TOT1 <4P(To)¢)
m? — (y/P(7o)ro(¢ — 1))?
pror1(4P(m0)9)
ro(P(10)r0(¢ — 1)2 4 4P(11)119%) — P(70)715(9p — 1)?
B ¢ror1 (4P(m0)9)
~ P(r0)rg(¢ — 1)2 4+ 4P(r1)ror1¢? — P(mo)rg (¢ — 1)?
_ ¢ror1(4P(70)¢)
- 4P(7’1)7“07“1d)2
_ P(n)
~ P(n)

O

Hence we know that this value, given the appropriate conditions, brings the AMM to the
equilibrium. However, we are not sure, or better, we have not proved yet, that this is the
only value that satisfies this condition. The following lemma states exactly this.
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L VN Lemma 3.5.2 » Balance swap value uniqueness

LetI' = A[O’A] ‘ {7‘0 1T, 71 ¢ T1} and T(x()) =A: Swap(.’I,‘()?T(),Tl) be enabled in I". If
SX 4 is the constant product swap rate and

A: T0,T
X(To,Tl) :Xr/(To,Tl) where I’ M}F/ (39)
then
A: T
=3 X € R>0,{L‘1 7é VA X(To,Tl) = XF//(T(],Tl) where I m} r”
i.e. z¢ is unique.
Proof. By contradiction, assume that such x; exists, hence we know that:
xr1 7£.I0 A X(To,Tl) :XF//(To,Tl) (310)
Then, combining this with 3.9 by transitivity we have that
Xr/(10,71) = Xrw (710, 71) (3.11)

Let

a = 5Xy4(xo,70,71)
B = SX4(w1,70,71)

Further developing the above equality, we find that:

Xr/(70,71) = Xrr (70, 71)
lim SX — = lim SX —
< lim SX 4 (z,m0 + 0,71 — ax) lim SX¢(z,r0 + 21,71 — Q)

PN ¢(r1 —axg) ¢ (r1— Bry)

0 + Zo ro + 21
¢ (ror1) _ ¢ (ror1)

(ro + ¢zo)(ro +x0)  (ro + dz1)(ro + 1)
<= (1o + ¢x0)(ro + x0) = (ro + Px1) (10 + 21)
> 1§ + roxo + rogwo + dxg =14 + row1 + rodar + ¢l
> roz0 + rodTo + PTE = ToT1 + 0TI + P
> rozo(d + 1) + dxp = rox1(P + 1) + P
= rozo(d+ 1) + ¢ag — (roz1(d+ 1) + ¢ai) =0
= 1020(¢ + 1) + ¢ — rox1 (¢ + 1) — ¢zt =0
< (rozo — rom1) (¢ + 1) + (2§ — 21) =0
= ro(zo — 1) (¢ + 1) + d(z2 —23) =0
> ro(xo—21)(d+ 1) + ¢(xg — x1)(x0 + 1) =0

A Formal Approach to AMM Fee Mechanisms with Lean 4 27


https://mamboleano.github.io/lean4-amm-fees//AMMLib/FeeVersion/Arbitrage.html#SX.fee.arbitrage.constprod.solution_equil_unique

= (zo —x1) (ro(@ + 1) + ¢(x0 + 1)) =0
—xog—21=0Vrolo+1)+¢(xg+21)=0

<= FalseVro(¢+1)+ d(xg+x1) =0 By Eq. 3.10
= ro(@+1)+ oo +21) =0

= ro(@+1)+ oo+ 1) =0

<= False

Since ry, ¢, o, x1 € Ryg

O

From this lemma, we know that the value that brings the AMM to the equilibrium is unique.
It is now natural to ask if such value is also the optimal value that maximizes the user’s
gain like it was for the previous model. However, this is not the case.

Let ' = A[30:70,20: 7] | {10: 70,30 : 71}. Now suppose that the
prices of 7y and 7; are P(7y) = 4 and P(7;) = 5. Let T(x) = A : swap(x, 19, 71); in
particular, we pick T (x¢) where z is the one defined in Eq 3.6 and suppose that SX 4 is
the constant product swap rate and that ¢ = 0.9; this time we exaggerate with the fee
just to show more evident results.

By computing the gain of A by firing T (x¢) we get:

GA(T, T(z0)) ~ 31.098 (3.12)

In the model defined in [8], this would have been the maximum gain that A could get by
firing a swap in the state I'. This, however, is not the case in our model. Figure Figure 3.2
shows the plot of GA (I, T(xo)). Clearly we can see that this function is concave, i.e.
it has a critical point which is also the absolute maximum for the function. However,
looking closely and zooming in, we can see in Figure Figure 3.3 that the gain at z( (in
blue) is not exactly at the top of the curve. In fact, if we try computing the gain with a
slightly bigger z; = x¢ + 0.3 we get:

Ga(T, T(21)) ~ 31.138
which is indeed bigger than the one in Eq. 3.12.
Hence, we know that this value is not the optimal one. This is, however, very close to it,

and it is still worth comparing the gain of this value to the one of every other value, which
is done by the theorem below.
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L VN Theorem 3.5.4 » Equilibrium value vs gain

LetI' = A[O’A] | {T‘o 1T0,T1 ¢ T1} | A be such that SF{T(),Tl} > 0 and O'A{T(),Tl} <
Sr{m, 71} and let T(z) = A : swap(x, 70, 71). Let xo be the one defined in Eq. 3.6
and assume that T(x() is enabled in T".

If SX, is the constant product swap rate and ¢ < 1, then:

Ve <z : Ga(D, T(zg)) > Ga(T,T(x))
and

Vz > o 0 (Ga(l, T(xo)) > Ga(T,T(z)) < x>%>

assuming that T(x) is also enabled in T'.

Proof. * Case z < zo:

Let 1 > 0 be such that g = x + x;. Since SX, is output bounded, then T (x),
T(z) and T(z) are all enabled, in particular :

F T(xo) 1‘\/

T(2)

I, T(z1)

T I'y

By Theorem 3.2.8 we know that:

Ga(D, T(x0)) = GA(D, T(x)) + Ga(T1, T(21)) + 24

Since we know that €, > 0 we just have to prove that Ga(I'1, T(x1)) > 0. To
do that, we first prove that SX y(z1,70 + x,71 —ax) > X(79,71) where a =
SX ¢ (x,10,71):
X(70,71) < X1y (70, 71) by 3.4.2
< SXg(x1,70 + 2,71 — ) by 3.4.1

So, by applying Lemma 3.1.4 we can finish the proof.

* Case x > zg: Let z1 > 0 be such that x = zy + 2. Since SX is output bounded,
then T(xz¢), T(x) and T(x;) are all enabled, in particular :

FLI&

F T(CCO) F/ T(.Tl) FQ

By Theorem 3.2.8 we know that:

GA(T, T(z)) = Ga(T, T(x0)) + Ga(I", T(21)) + 4
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To finish our proof, we need to prove that Ga (I, T(x1)) + &, < 0. Since we
know that £, > 0, we have first to see if Ga(I", T(x1)) < 0, otherwise it is always
false. So, we want to show that SX4(z1,70 + 2,71 —ax) < X(70,71) where
a = SXg4(xo,m0,71):

X(To,Tl) = XF/(To,Tl)
< SX¢(3§1,TQ “+ xg,7T1 — Ozﬁo) by 3.4.1

So, by applying Lemma 3.1.4 we know that Ga (I, T(z1)) < 0, hence we can
continue the proof.

Before proceeding with the proof, we point out the values of some terms that we
use during the proof:

n=1- op{m0, 71}
Sr{ro0, 71}
@ (ro+¢zo)—¢
18 =1 - ¢<r1 B TOJF?;”?O -1‘0> =2 - ¢<T1 - ’"Oizﬁmo ’”1900)
! L ro + xo + ¢x1 ! ro + xo + ¢x1
r1ro+¢rizo—orix
. ¢< — ro—li-d)oxo - O) quOTlxl
p— 1 . pu—
o + o + P71 (1o + w0 + ¢x1)(10 + HT0)
(amo + Ba1) = i1z Prorix _ ¢prizo(ro + xo + ¢x1) + droriz
ro + ¢xo (1o + x0 + dx1)(r0 + PX0) (ro + xo + ¢x1)(r0 + dx0)
_ ¢rorizo + orixd + d*rizory + Proria _ ¢ri(rozo + 23 + drox1 + row)
(ro + xo + ¢x1)(ro + Pxo) (ro + xo + ¢x1)(ro + dx0)

(xo + z1)(ro + ¢x0)(ro + T0 + Px1) B
~ (ro+ ¢z + ¢z1)(@d + rozo + drowt + roz1)
_ (rowo + ¢xd + rowy + dwox1)(ro + T + P1)
~ (ro+ ¢zo + 1) (23 + rozo + drow1 + T0T1)
)
)

(z-1)=

ro + ¢xo + dx1)(rozo + 3 + roT1 + dToT
ro + ¢pxo + dx1)(xd + roxo + dproxt + rox:
ToToT1 ((;5 — 1)
(ro + ¢zo + dz1) (23 + rozo + dzom1 + TOT1)

!
(

z18+ (2 — 1)(azo + Bz1)
¢rorixy B rorizor1 (¢ — 1)@
~ (ro +x0 + ¢x1)(r0 + P10) (10 + PO + P11 (r0 + P20 (10 + T + PT1)
_ ¢rorix1(ro + ¢xo + dx1) — rorizori (P — 1)
N (7"0 + ¢xg + ¢$1)(T0 + (bxo)(?“o + 20 + ¢x1)
gror1z1((ro + ¢wo + ¢x1) — w0(9 — 1))
(ro + dzo + ¢x1) (10 + Dd70) (r0 + T + P71)
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_ ¢rorizi(ro + xo + ¢x1)
(1o + ¢z0 + ¢w1)(r0 + PT0) (10 + TO + P71)
¢roriry

= (3.13)
(ro + ¢zo + 1) (10 + P70)
X/ (70, 71) = lin%) SX (2,70 + 20,71 — Q0)
2=
r1(ro+oxo)—¢riz
_ gf)(T‘l — a$0) _ ¢( - OroJr(()i):Jco - 0) _ (b’l”oT‘l
ro + o ro + o (o + ¢x0)(ro + o)

With these values in mind, we can continue the proof:

GA(F/,T(ajl)) +e4 <0

< n(z1(BP(11) — P(70)) + P(11)(2 — 1)(azo + Bz1)) <0

< z1(BP(11) — P(70)) + P(11)(2 — 1)(azo + Bz1) <0

< z10P(11) —x1P(10) + P(11)(z — 1) (o + Bx1) <0

<= P(Tl)(xl,B -+ (Z — 1)(&56() + ,8.%'1)) < .Cclp(’i'())

— nf+ (2= 1)(azo + 1) < P(m) by 21 > 0A P(r1) > 0

T P(m)
— :L‘IB + (Z - 1:8)(04-'30 + 6331) < XI‘/(T(J,Tl)
1
¢rorizy
— (ro+¢wo+<:c1)(m+¢fco) < Xp(70,71)
1
¢ror ¢rory
T Tro + éwo+ 6m1)(ro + 6w0) (10 + 6w0)(ro + a0)
orori(ro + xo) — ¢rori(ro + ¢xo + pxy)

— (ro + ¢z + ¢x1)(ro + dxo)(ro + o) <0

<= ¢rori(ro + x0) — ¢rori(ro + ¢xo + 1) <0 by Den. >0
< ¢rori(ro+ a9 —1ro — pro — Px1) <0

<~ xo—gf)Io—(f)xl <0 by¢7“07‘1 <0
<~ ¢(xo+x1) — 20 >0

xo
= o> o
= 71> xo(l(b_ 9)

So, this is only true when:

zo(1 — ¢)
¢
zo(1 — ¢)
¢
zo(1 — @) + pxo
¢

< 11 >

<~ T — X0 >

<~ T >
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This is what we expected from Example 3.5.3 looking at the Figures 3.2 and 3.3, i.e. there
is a small interval after x( where the gain that A could get is better than the one obtained
by swapping x( tokens. We know that this interval is between x( and %l, hence, the only
thing left to do is finding such a value that maximizes the gain.

Theorem 3.5.5 » Max Gain Value

Lt ' = A[O’A] | {7'0 PT0,T1 C Tl} be such that SF{TQ,Tl} > 0 and O'A{T(),Tl} <
Sr{m0, 71}, and let T(z) = A : swap(zx, 70, 71). Let zo be such that:

Xp(r0,71) = X(r0,m)  where T 2% (3.14)

Let 2,42 De
—/P(mo)ro — /P(ro)$zo + /P(r)drors
vV P(10)¢

If SX,4 is the constant product swap rate function, T(2,,,) is enabled in I" and
¢ < 1, then:

Tmaz = Lo +

(3.15)

Vx#xmax g GA(F,T(xmam)) > GA(FvT(I))

Proof. First, we show that x,,,, is positive only if ¢ < 1:

o+ —/P(10)ro — v/ P(10)¢wo + /P (11)dror1 50
P(70)¢
—\/P(10)ro = \/P(10) o + /P(1)dror1 =0
P(10)¢
— — \/P(Tg)T‘O — \/P(T0)¢$0 + / P(11)¢prory >0
= — /P(10)(ro + ¢x0) > v/P(r1)¢rors
P(70)(ro + ¢x0)* < P(11)¢ror
P(m) dror
P(r1) ~ (ro+ ¢x0)?
o(r1 — axg) oror1
0 + To (o + ¢x0)?
dror dror

(10 4+ z0)(rodzo) ~ (ro + ¢x0)?
1

<
ro+xo  (ro + ¢wo)
<= 19+ 29 > 10 + Px0
<~ x9 > dx

!

(A
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<~ 1>9

Let z; > 0 be such that x,,,, = o + x1. Then, as we stated in the proof of Theorem
3.5.4, by Theorem 3.2.8 we know that:

GA(F,T(xmaw)) = GA(I’,T(xo))—i—GA(F’,T(xl))+€¢

We have proven in Theorem 3.5.4 that for z < %2, Ga(I", T(z1)) + €4 > 0. Since p is
fixed, we want to find the maximum of the function:

f(x1) = GA(T, T(x0)) + Ga(T', T(21)) + &4 (3.16)

To find the maximum, first we look at the function values at the extremes of its domain:

lim f(z1) = lim Ga (T, T(x0)) + GA(F',T(xl)) +e€p

x1—0 x1—0
= mlliglo Gao(T, T(xo)) +n(x1BP(11) — x1P(10) + P(11)(2 — 1) (e + Bx1))
= lim Ga(T, T(x0)) + 11 P(m) + P()((= ~ (awo + Bea) + Bra)
L i P(r P(r1)¢rorizy
= iy OaE Tlao)) + ( Pl (ro + ¢xo)(ro + pxo + ¢$1)>

0
= Ga([', T(20)) + 1 (_0 + (ro + ¢xo)(ro + ¢$0))

= Ga([', T(20))

lim f(z1) = lim Ga(T,T(z0)) + Ga(I', T(z1)) + €4

T1—00 T1—00

= lim GaA(T,T(x9))+1n <—1‘1P(To) +

Tr1—00

P(71)proria; >

(1o + ¢xo) (10 + dpT0 + P71)
x1P(71)dror >

21(ro + ¢0) (22 + 22 + ¢)
P(11)pror )

(ro + gw) (2 + 22+ 9)

T1—00

= lim GA(F,T(:Bo))+77(—931P(TO)+

= Ga(T', T(0)) + 7 <—00P(To) +

= —00

Now, we have to study the critical points of the function. To do that, we first have to
compute the first derivative of f(z1):

f'(x1) :[_le(To) + P(n)¢roriz )}/

(1o + ¢wo) (10 + dx0 + P71
P(71)proriz ]’
(1o + ¢x0) (10 + Pz + P1)

=~ P(m) + |
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[P(1)¢roriz)'(ro + ¢ao)(ro + dpxo + pa1)
((ro + ¢z0)(ro + w0 + dx1))?
(P(m1)¢rorizy)[(ro + ¢pxo)(ro + dxo + dx1)]’
((ro + ¢z0)(ro + w0 + dr1))?
_ P(To) n P(ﬁ)(ﬁrom(?‘o + ¢$0)(T0 + ¢xo + gf)ml)
((ro + ¢z0)(ro + dxo + dr1))?
_ (P(r)¢roriz1)(ro + ¢xo)
((ro + ¢x0)(ro + o + dr1))?

P(r)éror1 (1o + 6m0) (ro + do + d1) — b1 (o + 60) )

= — P(T()) -+

=~ Plo)+ (1o + ¢x0)?(ro + dxo + Ppx1)?
P(11)¢rori(ro + ¢xo) (7’0 + ¢ + P — ¢CU1>

=~ Plm)+ (10 + ¢w0)%(ro + dx0 + P21)?

_ P(1)¢rori(ro + ¢xo)(ro + o)

== Plo)+ (10 + ¢w0)%(ro + dxo + Pd21)?

— _ Pry) + —LlTorors

(1o + dxo + Px1)?

Now, we want to prove that

r_ *\/P(TQ)T‘O*\/P(To)¢$0+\/P(’7'1)¢)T‘0T1 (3 17)
VP (10)¢ .

is a critical point of f(z1), i.e. f'(2’) = 0. First, let’s rewrite:

b = Y P(m)ro — /P(10)dzo + /P(11)¢rors
VP(70)¢
_—V/P)ro — /P(ro)¢wo + /P(ri)dror
P(7o)
—/P(70)(ro + ¢xo) P(71)¢ror
P(m) P(m0)

X

= — (ro + ¢x0) + (3.18)

Finally,

P(71)¢ror
(o + o + 92
P(r1)¢ror
(TO + ¢$0 — (TQ + ¢x0) + @)2

P(10)

fi(a") == P(n) +

= — P(To) +

P(Tl)d)’l“()’l”l
(w/P(Tl)qﬁrorl )2
\/P(To)

=— P(m) +
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P(Tl ) ¢7°0T1
P(11)¢ror:
P(To)

—P(TU)+P(TU):0

=— P(m) +

Now, since we know that this is either a local maximum or a local minimum, we only
have to study the sign of the second derivative of f(x) to determine which is the case.
Let’s compute it first:

17 _ - P(Tl)¢TOT1 !
P = [ Plro) + (ro + ¢xo +¢w1)2}

_ [ P(11)pror: ]/

(ro + ¢pxo + Px1)?
= P(m)¢ror - [(ro + ¢z + qb:cl)_ﬂ/
= P(r)¢rori - (=2) * (ro + ¢xo + da1) 7 [(7"0 + pao + ¢r1))
= P(m1)¢ror1 - (=2) * (ro + ¢xo + ¢a1) > *

—2P(71)¢*ror1 * (ro + ¢xo + 1) >

Since z; > 0 and all the other constant are also strictly positive, then it is easy to see
that this second derivative is always negative for z; > 0, hence in the function’s domain,
the function is concave. This is enough to prove that 2’ is a global maximum over the
functions domain [15]

Unfortunately, due to the limitation of the Lean 4 implementation of the model, it is not
possible to conduct the proof this way in the theorem prover. Therefore, we present also
the proof outlined in the implementation.

Again, consider the function
f(@1) = Ga(T', T(20)) + Ga(I', T(21)) + €4

(
= Ga(I', T(z0)) + n(z18P(m1) — 21P(70) + P(71)(2 — 1) (o + B1))
= GA(T', T(x0)) + n(—21P(70) + P(11)((z — 1)(azo + Bz1) + Br1))
(

o o o - P(T1)¢?“07"1£L‘1
= GA(T, T (o)) + ( 1P(70) + (7"0+¢$0)(7“0+¢>5E0+¢$1)) (By 3.13)

We want to prove that

,  —=/P(r0)ro — /P(10)pxo + /P(71)drort (3.19)
VP (m0)¢ '

Is the global maximum of f(z), i.e.

Vo # ol f(@!) > f(a)
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First, let’s rewrite the inequality:
f@@') > f(z)

’ P(ﬁ)gbmrlx'
= Gall’, T(wo)) +m <_$ Plm) + (ro + ¢wo)(ro + dpxo + ¢1‘/)>

P(m)prorix
Ga(D, T(z0)) +1 <—$P(Tg) + (o + 620 (ro + o + ¢$))
P(T1)¢TOT1x/ >
(7“0 + (bl‘o)(ro + ¢xo + Px’)
P(Tl)¢TOT11'
(ro + ¢x0)(ro + dzo + P)
P(ﬁ)(brorlac’ _ :L',P(T()) _ ( P(Tl)¢TOT1$
(ro + ¢x0)(ro + Q0 + P2') (0 + ¢o) (10 + dz0 + D)

— —2'P(n) +

—xP(7) +

- IIZ’P(T())) >0

Now let A = ry + ¢xo. Then, the inequality becomes

P(y)¢roria’
(7’0 + ¢$0)(T0 + ¢xo + <Z>a:’)
P(m)¢roria’ P(1)¢roriz
At ory TP ity oy —oF0) >0
— P(Tl)(ﬁT’QTlx’ _ x/P(Tg)A(A + (bg;/) B (P(T1)¢7’07'1$ — xP(T())A(A + ¢x)) 0
A(A + ¢a') A(A + ¢z)

2 P(r) — ( P(m)¢rorix

(ro + éx0) (1o + dzo + ¢T) ””P(T())) >0

We define the terms D(z) = A(A + ¢z) and N(x) = P(m)¢roriz — P(19)xzA(A + ¢x)
to simplify the expression above:

P(r1)¢roriz’ — x'P(m9) A(A + ¢a') <P(Tl)¢r0r1x —xP(19)A(A + gbx)) =0
A(A+ o) A(A+ oa)

N(«')  N(z)

D(z')  D(x)

N(2)D(z) — N(x)D(z") > 0

drora’ — &' P(ro) A(A + ¢m’)) (A(A + ¢z))

T1)¢roriz — xP(19)A(A + gbx)) (A(A+ ¢2')) >0

m)proma — ' P(mo)A(A + qbw’)) (A + o)

~—~~ o~

T1)prorix — xP(10) A(A + d)ﬂ:)) (A+ qb:n')} >0 (3.20)

Let this term be
A(z) = AA* (2)

Now, observe that

A*(x) = (P(r)groria’ — o' P(ro) A(A + 6a') ) (A + gz)
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/—\

P(r)rona — 2P (1) A(A + 6) ) (A + 62')
P(ry)ron (o (A + ¢z) — 2(A + 6'))
(70)A(/(A+ 92)(A + 62) — 2(A + 62) (A + 6a'))

“U

)
)
)
70)A(z" — z)(A + ¢2') (A + ¢x)
)¢
)A

= P(7ny gbrorl( "(A+ ¢x) — 2(A + (bx’))
- P(

= P(11)¢rori1A(z' — z)
— P(10)A(z" — 2)(A + ¢a’) (A + o)

A(w' = 2)[P(r)rom — P(ro)(A+ 62') (A + ¢a)]

Hence,
A(w) = A%(&' = 2)[P(r)ror — P(ro)(A+ ') (A + ¢a)]

Now, recall the definition 3.19. We can find a useful equality condition starting from
this:

=/ P(10)ro = /P(10)pzo + /P(71)¢rors
N P(70)¢
= /P(r0)¢2’ = —/P(70)(ro + dx0) + v/ P(1)drors
< /P(70)pz’ + /P(10)A = \/ P(71)pror
= /P(10)(A+ ¢z') = /P(11)dror
& P(70)(A + ¢a')* = P(71)¢ror

X

Now recall the definition of A(x). With the above equality we get:

A(w) = A%(&' — 2)|[P(r)ror — P(r)(A+ 62') (A + 6a)]
= A%(a' — 2)[P(r)(A + ¢2/)? = P(ro)(A + ga')(A+ gz)|
— A%(a’ — @) [P(r0) (A + 62')(A + 62') — (A + 62))]
= A%(a' — 2) [ P(r)(A + g2)(a’ — )]
= A2P(m0)(A + ¢a)o(a' — x)?

Finally, combining this with (3.20) yields:

f@') > f(x)

<~ A(z) >0
— A?P(10)(A + ¢z')p(z' — 2)* > 0
— (' —2)?>0
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a2 -2 #0
Y

Since A > 0, P(79) > 0, ¢ > 0, 2/ > 0 and 2’ # z by hypothesis. O

Finally, it is also worth exploring if this is the only value that maximizes the gain, and this
can be easily proved by contradiction, stated in the lemma below.

Lemma 3.5.6 » Optimal swap value uniqueness

Let I' = Aloa] | {ro: 70,71 : 71} be such that Sp{r,71} > 0 and oa{m, 71} <
Sr{m0, 71}, and T(z) = A : swap(z, 70, 71). If SX4 is the constant product swap rate,
¢ < 1and

X(r0,71) = Xpo(70,71)  where I' %
then
-1 ER>0 : 1 # Typae AN Ve #x1 ¢ GA(T, T(21)) > GA(T, T())

where T’ m IMand T —T—@—> r”

i.e. zg is unique.

Proof. First, from Theorem 3.5.5 we know that

Vo # Tmar @ GA(L, T(Tmaz)) > Ga(D, T(x)) (3.21)

Now, by contradiction, assume that such z; exists. Hence, we know that
X1 # Tmaz N VY #x1 0 GaA(T,T(21)) > Ga(T, T(x)) (3.22)

1. Case x| # Tmq,: Instantiating 3.22 we get
GA(L, T(21)) > Ga(I', T(zmax)) (3.23)
And instantiating 3.21 we get:

Ga(T, T(zmaz)) > Ga(T, T(x1)) (3.24)

Hence, combining 3.23 and 3.24 we reach a contradiction.

2. Case o1 = Tyae: Trivial with 3.22.
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Chapter 4

Conclusions

In this thesis, we have presented a rigorous and machine-checked analysis of Automated
Market Makers (AMMs) with trading fees, built on the abstract operational model presented
in [8] and its Lean 4 formalization in [5]. This work has extended these foundations with
three main contributions:

1. Formal modeling of trading fees
We introduced the trading fee ¢ as a parameter of the constant product swap rate:

o1

SXd)(l',T(],’rl) = m

This enriches the pure constant-product model with a fee mechanism that brings
the overall model closer to the Uniswap v2 implementation, allowing one to reason
over the impact of fees in the AMM’s reserves, swap output token amount and user’s
wealth. In Equation 2.1 we have also shown that, the product of the reserves of an
AMM ryr; does not always remain constant after a swap, i.e.

(ro +x)(r1 —y) > ror1 for p <1

In particular, for ¢ < 1 we have shown that the product strictly increases after a swap,
meaning that the LPs share of the pool also increases compared to the model where

¢ =1.

2. Economic analysis of fee-bearing AMMs
We have established how trading fees affect key economic properties. In particular, in
Section 3.3 we have found out that the fee-adjusted constant product swap rate is
still output-bounded and strictly monotonic, which ensures that the AMM'’s reserves
are never drained upon a swap action and that the swap rate behaves predictably as
reserves change.

We also proved that it satisfies our own definition of additivity, showing that swap-
ping large aggregated amounts of tokens is more profitable than splitting it into
smaller trades.

In Section 3.4 we reasoned about the internal rate and its relationships with the
external rate and swap rate, providing us with the necessary groundwork to find
the solution to the arbitrage problem, and analyzing the differences from the one
presented in [8], where it coincided with the equilibrium value.
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Finally, in Section 3.5 we reasoned about the arbitrage problem and how to solve it,
starting from the approach used in [8], finding the equilibrium value in Theorem 3.5.1.
We also discovered that, in opposition to what was found in the foundational model,
in this fee-bearing model, this value is not the optimal one, as proved in Lemma 3.5.4.
Such optimal value is 2,4, presented in Lemma 3.5.5. Finally, we also proved the
uniqueness of both the equilibrium value and the optimal one.

3. Lean 4 Formalization
Every definition, lemma and theorem that can be found in this work has been encoded
in Lean 4, meaning that all the pen-and-paper proofs from this thesis are backed-up by
rigorous machine-checked proofs. This not only ensures the mathematical correctness
of this work, but also extends the already existing reusable library for future work on
formalizing AMM properties.

4.1 Uniswap v2’s comparison

In this section we analyze the differences and similarities between the swap used in this
work’s model, and the swap used in Uniswap v2’s implementation. The Uniswap one is
slightly more complicated than the one presented in this model, and the main differences
are:

1. Uniswap allows to swap both tokens 7y and 7; at the same time, while our model
allows only one atomic token type as input.

2. In Uniswap, when calling the function, the input is not the amount of tokens that the
user wants to swap, but instead the maximum amount of tokens that the user expects
to receive. The input token amount is then computed internally in the swap function.

Uniswap v2 is architected in two main modules, the core and the periphery. The core
module only contains the minimal and critical contracts, while the periphery holds all the
helper and router contracts that integrate and extend the core functionalities. It is worth
mentioning that, according to Uniswap v2’s guide on implementing a swap in a contract?,
it is recommended not to use the swap primitive from the core module, but instead to
use the Router? from the periphery module. This is because the Router provides a set of
methods that allow users to safely swap the desired tokens. For example, in our model,
a swap action A : swap(x, 79, 71 ) means that A wants to swap exactly an amount x of 7
tokens, and expects y = x - SX 4(x,r9,r1) of 7 tokens as output. For this scenario, the
Router provides a function swapExactTokensForTokens Which does exactly what we want.
To help the reader understand the similarities and differences from our implementation
to the one of Uniswap v2, suppose that we want to perform a swap A : swap(z, 79, 71) in a
state I' = {rg : 70,71 : 71} | A. Then, we explain how this swap is executed using Uniswap
Router02’s swapExactTokensForTokens, analyzing the variables and function calls being
made, up until the swap primitive presented in Listing 4.5.

Listing 4.1 shows swapExactTokensForTokens’s implementation. In particular, we can see
that it takes as input:

1. amountIn: this corresponds to our z in the swap

2. amountQOutMin: this specifies the minimum amount of output tokens that the user A
expects. In this work’s model, we assume that this value is zero, as the rule [Swar]
does not express a minimum amount of tokens that the user can expect upon a swap.

Thttps://docs.uniswap.org/contracts/v2/guides/smart-contract-integration /trading-from-a-smart-contract
2https://github.com/Uniswap/v2-periphery/blob/master/contracts/UniswapV2Router02.sol
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function swapExactTokensForTokens (

uint amountlIn,

uint amountOutMin,

address [] calldata path,

address to,

uint deadline

) external virtual override ensure(deadline) returns (uint[] memory amounts) {

amounts = UniswapV2Library.getAmountsOut (factory, amountIn, path);

require (amounts [amounts.length - 1] >= amountOutMin, ’UniswapV2Router:
INSUFFICIENT_OUTPUT_AMOUNT?);

TransferHelper.safeTransferFrom(
path[0], msg.sender, UniswapV2Library.pairFor (factory, path[0], path

[1]), amounts [0]
)

_swap (amounts, path, to);
P P

Listing 4.1: Router02’s swapExactTokensForTokens

3. path: this is the array of token addresses that the trade goes through. The first of
these is the input token, and the last one is the output token. So, in our case this is
going to be simply [, 71].

4. to: this is the address that receives the final output tokens. In our case, this address
coincides with A, the user performing the swap.

5. deadline: this is a timestamp after which the router reverts the swap if it has not
been included in a block yet. This is mainly to prevent bad exchange rates if the
transaction takes too long to be approved. Since the current model does not represent
the transaction mempool, this feature is omitted.

To better understand what swapExactTokensForTokens does in its body, we first explain how
the output amount y is computed, then break down how the transfer of the input tokens
amount z happens, and finally analyze the swap primitive call.

4.1.1 Output amount

In line 8, the function calls the library function getAmountsOut 2, the code of which is
reported in Listing 4.2. This function computes an array of amounts of output tokens
depending on how many there are specified in the parameter path, where the first element
of the array is the input token amount amountIn. In our case, since we are trading in the
pool {rg : 79,71 : 71} and we already explained that path = [, 71], we will have amounts [0]
= amountIn and amounts[1] = getAmountOut (amounts[0], reserveln, reserveOut) where
reserveln and reserveOut are exactly our ry and ;.

The function getAmountOut #(Listing 4.3) is where the constant product swap rate is
implemented. In comparison with our model, this returns exactly an amount y =
x-SX 4(x,r0,71) of 71 tokens. Analyzing the code line-by-line, the variables being computed
are amountInWithFee = x - 997, numerator = x - 997 - 1, denominator = rqg - 1000 4 = - 997
and amountOut = y. Putting everything together:

_ numerator x-997-r1
¥= denominator  rg - 1000 4+ x - 997

1000 - (z-0.997-71)  x-0.997 -7

1000 - (ro + 0.997 - z) 7o + 0.997 -

3https://github.com/Uniswap/v2-periphery/blob/master/contracts/libraries/UniswapV2Library.sol#L62-L70
*https://github.com/Uniswap/v2-periphery/blob/master/contracts/libraries/UniswapV2Library.sol#L43-L50
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function getAmountsOut (address factory, uint amountIn, address[] memory path)
internal view returns (uint[] memory amounts) {
require (path.length >= 2, ’UniswapV2Library: INVALID_PATH’);
amounts = new uint[](path.length);

amounts [0] = amountIn;
for (uint i; i < path.length - 1; i++) {
(uint reservelIn, uint reserveOut) = getReserves(factory, path[i], path
[i + 11);
amounts [i + 1] = getAmountOut (amounts[i], reserveln, reserveOut);
}

Listing 4.2: getAmountsOut

function getAmountOut (uint amountIn, uint reserveln, uint reserveOut) internal
pure returns (uint amountOut) {
require (amountIn > O, ’UniswapV2Library: INSUFFICIENT_INPUT_AMOUNT?);

require(reserveIn > 0 && reserveOut > 0, ’UniswapV2Library:
INSUFFICIENT_LIQUIDITY?);

uint amountInWithFee = amountIn.mul (997);

uint numerator = amountInWithFee.mul (reserveOut);

uint denominator = reserveln.mul (1000) .add(amountInWithFee);

amountOut = numerator / denominator;

Listing 4.3: getAmountOut

which is exactly the constant product swap rate from Definition 2.4.1 with ¢ = 0.997, the
trading fee hard-coded in Uniswap v2.

Going back to line 8 of Listing 4.1, amounts will have the input amount x for the first
element, and the output amount y = x - SX 4(z, ro, r1) that we just computed as the second
one. In line 9, this safety check ensures that the output amount y is at least what the user
A expects to receive as a minimum amount of output tokens. If not, the transaction is
reverted.

4.1.2 Tokens transfer

In lines 10-11, we see the transfer of = 7 tokens into the contract of the pair {7, 71 } before
calling the function _swap. This is done because the _swap function expects the input tokens
to be already transferred into the pair. The code of this function is in Listing 4.4. This is the
function that prepares the parameters to call the swap primitive, illustrated in Listing 4.5.
In particular, we can see that in line 6 the function instantiates amount0Out and amount10ut,
which will be the parameters passed to the swap primitive. In this case, depending on the
ordering of the tokens 7, and 7; in the AMM pair, one of amount00ut and amount10ut will be
instantiated with our output amount y, and the other one to zero, since we do not expect
two output amounts, but only one of 7; tokens. For simplicity, suppose from now on that in
our case amount0OOut = 0, since we are swapping 7 tokens.

Next, since we are dealing with only one token pair, when the function computes to, it is
immediately set to _to (which in our case is A’s wallet). The final line represents the call to
the swap primitive, where

1. amountOOut is zero, as already explained, since we are swapping 7, tokens, and we
don’t expect to receive any 7 tokens as output.

2. amount1Out is equal to y = SX 4(x,70,71).

3. to represents A’s wallet.
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function _swap(uint[] memory amounts, address[] memory path, address _to) internal
virtual {
for (uint i; i < path.length - 1; i++) {
(address input, address output) = (path[il], path[i + 1]);

(address token0O,) = UniswapV2Library.sortTokens (input, output);

uint amountOut = amounts[i + 1];

(uint amountOOut, uint amountlOut) = input == tokenO ? (uint (0),
amountOut) : (amountOut, uint (0));

address to = i < path.length - 2 ? UniswapV2Library.pairFor (factory,
output, path[i + 2]) : _to;

IUniswapV2Pair (UniswapV2Library.pairFor (factory, input, output)).swap(
amountOOut , amountlOut, to, new bytes (0)

) 8

Listing 4.4: Router02’s swap

4.1.3 Swap primitive and Invariant check

Finally, we investigate the function swap in Listing 4.5. As previously stated, this function
is slightly complicated, so we only want to give an intuition on its behavior for our
example case. We begin by locating where our input and output amounts x and y are
located/computed inside the function:

1. The input amount z is computed inside the function in line 18, called amount0In
Remember that inside the Router’s swapExactTokensForTokens we have already
performed a safe transfer of this input amount 2. Hence, the function can simply
compute amountOIn as new reserves of 7, called balance0 minus the old reserves,
called _reserve0. Intuitively, since we did not transfer any 7; token to the pair, then
amount1In is zero, as expected.

2. The output amount y is passed as the parameter amount10ut like previously said. Also,
remember that the other parameter amount00ut is zero, from the computations made
in the function _swap.

There is only one thing left to check: the invariant. So far, we have not found anything
that checks that (1o + z)(r1 —y) > ror;. This is done in an even stricter way inside the
swap function. In line 22-23 the function declares balanceOAdjusted and balancelAdjusted,
which are computed as:

balanceOAdjusted = (19 + z) - 1000 — 3z

and
balancelAdjusted = (r; —y) - 1000 — 3 -0 = (r; — y) - 1000

Recall that at this point of the contract, balance0 and balancel are respectively ro and
r1 after the transfers have occurred, i.e. rg + x and r; — y. Then in line 24, the require
specifies the invariant check:

balanceOAdjusted - balancelAdjusted > rory - 10002

At first sight this check might seem very different from the one of our model. However, we
can show that it is almost identical:

balanceOAdjusted - balancelAdjusted > rory - 1000
— ((ro + ) - 1000 — 3z)((r1 — y) - 1000) > rory - 1000
< (ro +x — 0.003x)(r1 —y) > ror
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function swap(uint amountOOut, uint amountilOut, address to, bytes calldata data)
external lock {

require (amountOOut > O || amounti1Out > O, ’UniswapV2:
INSUFFICIENT_QOUTPUT_AMOUNT?) ;

(uint112 _reserveO, uintl1l2 _reservel,) = getReserves(); // gas savings

require (amountOOut < _reserveO && amountlOut < _reservel, ’UniswapV2:

INSUFFICIENT_LIQUIDITY?);

uint balanceO;
uint balancel;
{ // scope for _token{0,1}, avoids stack too deep errors

address _token0O = tokenO;
address _tokenl = tokenl;
require(to != _token0O && to != _tokenl, ’UniswapV2: INVALID_TO0’);

if (amountOOut > 0) _safeTransfer(_tokenO, to, amountOOut); // optimistically
transfer tokens

if (amount1Out > 0) _safeTransfer(_tokenl, to, amountiOut); // optimistically
transfer tokens

if (data.length > 0) IUniswapV2Callee(to).uniswapV2Call(msg.sender, amountOOut
, amountl10ut, data);

balance0 = IERC20(_token0O).balanceOf (address(this));

balancel = IERC20(_tokenl1).balanceOf (address(this));

}

uint amountOIn = balance0 > _reserve0O - amountOOut ? balance0 - (_reserveO -
amountOOut) : O;

uint amountlIn = balancel > _reservel - amountl10ut ? balancel - (_reservel -
amount10ut) : O;

require (amountOIn > O || amountlIn > O, ’UniswapV2: INSUFFICIENT_INPUT_AMOUNT?’

)
{ // scope for reserve{0,1}Adjusted, avoids stack too deep errors
uint balanceOAdjusted = balanceO.mul (1000) .sub(amountOIn.mul (3));
uint balancelAdjusted = balancel.mul (1000) .sub(amountiIn.mul(3));
require (balanceOAdjusted.mul (balancelAdjusted) >= uint(_reserve0) .mul(
_reservel) .mul (1000%*2), ’UniswapV2: K’);
}

_update(balance0, balancel, _reserve0, _reservel);
emit Swap(msg.sender, amountOIn, amountlIn, amountOOut, amountlOut, to);

Listing 4.5: Uniswap v2’s swap

< (ro +0.997x)(r1 — y) > rory
<= (ro+ ¢x)(r1 —y) > ror1 with ¢ = 0.997

This check is even more strict than the one in Eq. 2.1, as this only takes into account the
fee-reduced input ¢z. This check clearly implies the one in Eq. 2.1, as 79 + ¢z < rg + x.

4.2 Discussion and Future Work

Although we were able to prove all of the lemmas and theorems above, the current Lean 4
library that implements this model and all the relative proofs has some limitations.

The type used to represent positive amounts in the model, i.e. some x € R+, poses some
significant challenges. This type is defined as a subtype of the already existing — and well
supported — Reals R. This approach has some positive sides, such as guaranteeing that
the results of some lemmas are strictly positive (for example, it makes sure that for an
initialized AMM the reserves are always strictly positive). This modelling choice also comes
with a few negative aspects. For example, positive reals by definition do not have a zero
element, hence they cannot form a ring, since it lacks additive identity and inverse. This
might seem like a minor issue, but it greatly impacts some of the Lean 4 tactics that are
usually used to perform algebraic manipulation (e.g. ring-nf). This means that automation
in proofs is limited and not always useful.
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Another issue that arose during the development of the proofs presented in this work is
related to the simplification lemmas. There are a number of already existing simplification
lemmas that are not always meant to be used by Lean 4’s simplifier. This also greatly
impacts automation, as sometimes the prover is stuck due to infinite loops caused by
misleading simplification lemmas. This is something that is worth investigating, as it could
improve automation significantly.

Finally, we mentioned in the proof of Theorem 3.5.5 that a natural way of proving this
Theorem is to follow the function analysis path. However, to the best of our knowledge,
this is not possible due to the current implementation of Mathlib 4’s function analysis tools
and our Lean 4 model implementation. To find the maximum value of the gain function,
we would have used the Analysis module from Mathlib 4. In particular, we would have
used the fact that the function is concave, and so a local maximum of a concave function is
also a global maximum. This is formalized by the theorem of _isLocalMax0n_of _concaveOn®.
However, since the gain function’s domain is R~ (, we cannot express this condition, as the
theorem specifically requires a function domain that is an additive commutative monoid.
There might be other ways of solving this or workarounds, but due to time constraints we
did not explore this proof outline further. .

We envision the following directions for future research:

1. Guarded transactions and Slippage Protection: A first extension that would bring
this model closer to the actual implementation of Uniswap v2 can be formalizing the
parameters of the function swapExactTokensForTokens (Section 4.1) that the current
model is not able to express, i.e. amountOutMin and deadline. The first one would
ensure a minimum amount of tokens to the user that performs the swap, while the
second one is mainly to prevent the transaction to stay pending for a long period,
reducing the risk of possible slippage.

2. Concentrated Liquidity and Multi-Fee tiers: Uniswap v3 [2] introduces so-called
concentrated liquidity: instead of depositing liquidity across the whole range of the
internal exchange rate, in Uniswap v3 LPs can specify an internal exchange rate range
in which their liquidity earn fees. This allows for different strategies for LPs which
can increase their gain but also the risk. Another feature that was introduced in
Uniswap v3 is the one of multiple fee tiers. Uniswap v2 has a flat fee of 0.3% on
every pool, while in Uniswap v3 it is possible to decide on four discrete tiers upon
the creation of the pool, which are 0.01%, 0.05%, 0.3% and 1%. Clearly, a higher
fee tier benefits the LPs, but could also result in a less attractive pool to trade on for
arbitrageurs. Formalizing these features in the current model would bring it closer to
the state-of-art of AMM’s implementation.

3. Liquidity Provider Analysis: This work mainly focuses on the arbitrageur’s point of
view, i.e. what are their incentives and what are the best possible values that they can
swap to maximize their gain. However, we have not analyzed how the trading fees
impact the LPs: we know that their share in the pool’s reserves increases compared to
the model without the trading fee, however it could still be interesting to measure this
improvement and analyzing the impact of trading fees from the liquidity provider’s
side as well.

4. Lean 4 Library Enhanced Automation: This work’s implementation can be greatly
improved by enhancing the proof’s automation. As previously explained, the automa-

Shttps://leanprover-community.github.io/mathlib4 _docs/Mathlib/Analysis/Convex/Extrema.htm|#IsMaxOn.of _
isLocalMaxOn_of concaveOn
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tion is greatly affected by a number of reasons, so an improvent could be trying to
modify — or completely change — the subtype of positive real numbers which is
vastly used in the library, to review the simplification lemmas and so on.
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